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Abstract
In this paper, we study the derivation and the solution of Schrödinger
equation of the hydrogen atoms using the theory of Natural Statistical
Physics. Using these results, we study the phenomena of the spectra of
hydrogen atoms and the phenomena of the stability of hydrogen atoms.
Here we consider the system of hydrogen atoms for which we need not
to consider the influence of the outer electro-magnetic field. This is the
case where there is no influence of outer electro-magnetic field or where
we can neglect the influence of the outer electro-magnetic field. In this
paper, we succeeded in deriving the Schrödinger equation in the natural
and reasonable way by the method of variational calculus. Thereby we
can obtain the complete understanding of the phenomena of the spectra
of hydrogen atoms and the phenomena of the stability of hydrogen atoms.
We remark that the model of the system of hydrogen atoms considered
in this paper does not concern with the scattering state of hydrogen
atoms.
In this paper, Fourier’s method plays the fundamental role. For the
results of this paper, we refer to Ito[16], [19], [20], [22], [24], [25], [26].
2010 Mathematics Subject Classification. Primary 82D99, 82B99,
81Q99.
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1

Systems of hydrogen atoms and the formulation of the problem

In this paper, we study the derivation of the Schrödinger equation of the
system of hydrogen atoms and its solutions which are necessary to analyze the
natural statistical phenomena of the system of hydrogen atoms in the basis of
the laws of natural statistical physics.
Using the above results, we study the spectral phenomena of the system of
hydrogen atoms and the stability phenomena of hydrogen atoms as the natural
statistical phenomena of the system of hydrogen atoms. Thereby we obtain the
complete understanding of these phenomena.
We assume that hydrogen atoms considered here are in the bound state.
Each hydrogen atom is moving in the 3-dimensional space.
One hydrogen atom is a combined system of two particles composed of one
nucleus and one electron rotating around the nucleus. Here the nucleus of the
hydrogen atom is composed of one proton.
This means that the nucleus and one electron are moving as a combined
system under Coulomb interaction. Even though the system of hydrogen atoms
is a system of two particles, the mass of an inner electron is throughly smaller
than the mass of the nucleus. Therefore we analyze the phenomena using an
approximating model of a system of one electron moving in a ﬁeld of Coulomb
potential at the point of center where the nucleus keep to rest.
Here we consider the system of hydrogen atoms for which we need not
consider the inﬂuence of spin. It is the case where there is no inﬂuence of the
outer electro-magnetic ﬁeld or where we can neglect such an inﬂuence. This
means that no factor of the outer electro-magnetic ﬁeld is contained in the
Schrödinger equation of the system of hydrogen atoms. Namely we study the
phenomena using such an approximating model.
Each electron is moving in the ﬁeld of Coulomb potential according to
Newtonian dynamics. Because the masses of a proton and an electron are very
small, we consider their motion neglecting the gravitational interaction.
Here we put the mass of one electron m = me , and the charge of one
electron −e. Then the electron is moving according to the Newtonian equation
of motion
d2 r
e2
m 2 = −grad V (r) = − 3 r.
dt
r
Therefore, the mechanical energy of the inner electron of one hydrogen atom
E=

1 2 e2 (
dr )
p − , p=m
2m
r
dt

does not depend on the time t. The ﬁrst term is the kinetic energy and the
second term is the potential energy. Namely the conservative law of mechanical
energy holds for each inner electron of a hydrogen atom.
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Therefore each electron has its own mechanical energy. We can deﬁne the
energy functional to be the expectation value of this mechanical energy for the
physical system of the inner electrons of hydrogen atoms.
Using variational principle in section 3, we can derive the Schrödinger equation as Euler’s equation of the variational problem. Then, this Schrödinger
operator has only the negative eigenvalues in the bound state.
Using the eigenvalues
En = −

m e e4
, (n = 1, 2, 3, · · · )
2~2 n2

of the Schrödinger operator, we can prove that the Bohr’s law holds for the
spectrum of the system of hydrogen atoms. This fact was demonstrated by
virtue of the experiment of Frank-Herz in 1914. Here we put ~ = h/2π, h
being the Planck constant.
In general, the physical state of a physical system is varying toward the
equilibrium state of energy or the thermal equilibrium state. Thereby we can
completely understand and interpret the phenomena of stability of hydrogen
atoms.

2

Laws of natural statistical physics

In general, every material particle is the natural existence which has its own
mass and charge.
Because it is known that an electron has its own mass and charge by the
eﬀective measurement, it is the evidence that an electron is a material particle.
Here we put the mass of an electron to be m = me and its charge to be −e.
Therefore we can consider that an electron is moving by virtue of Newtonian
equation of motion in the ﬁeld of Coulomb potential.
On the basis of these facts, we can understand the spectral phenomena of
the system of hydrogen atoms as the natural statistical phenomena.
We can consider that the nucleus of a hydrogen atom has approximately
the inﬁnite mass. Therefore, in the ﬁrst approximation, the inner electron of
e2
the hydrogen atom is moving in the ﬁeld of Coulomb potential V (r) = − by
r
virtue of Newtonian equation of motion.
Here, in order to analyze the natural statistical phenomena of the system
of inner electrons of the hydrogen atoms, we establish the laws of natural
statistical physics as follows.
Law I (Physical system) The system Ω of hydrogen atoms is a set of
inner electrons of hydrogen atoms. It is a probability space (Ω , B, P ) mathematically. Here Ω is the set of inner electrons ρ of hydrogen atoms, B is
3

σ-algebra of the family of subsets of Ω , and P is a completely additive probability measure on B. Its elementary event is one inner electron ρ of a hydrogen
atom. This is a system of one particle composed of an inner electron moving
in the ﬁeld of Coulomb potential.
Law II (State of physical system)
We deﬁne a natural statistical
state of the system Ω = (Ω , B, P ) of hydrogen atoms to be the state of natural
probability distributions of the position variable r(ρ) and the momentum variable p(ρ) of inner electrons ρ of hydrogen atoms. Here r(ρ) is varying in the
3-dimensional space R3 and p(ρ) is varying in its dual space R3 , where R3 is
considered to be a self-dual space.
(i) The natural probability distribution law of the position variable r =
r(ρ) is determined by an L2 -density ψ(r) on R3 .
(ii) The natural probability distribution law of the momentum variable
p = p(ρ) is determined by the Fourier transform ψ̂ of ψ. Here the Fourier
transform ψ̂ of ψ is deﬁned by the relation
∫
ψ̂(p) = (2π~)−3/2 ψ(r)e−i(p·r )/~ dr,
r = t (x1 , x2 , x3 ), p = t (p1 , p2 , p3 ),
p · r = p1 x1 + p2 x2 + p3 x3 ,
h
where the integral domain is the whole space. Here we put ~ =
, h being
2π
the Planck constant.
(iii)

For a Lebesgue measurable set A in R3 , we put
∫
µ(A) =
|ψ(r)|2 dr.
A

Then we have
µ(A) = P ({ρ ∈ Ω; r(ρ) ∈ A}).
Thus µ(A) denotes the probability of the event “r(ρ) belongs to A”. Thereby
we have the probability space (R3 , M3 , µ). Here M3 denotes the family of all
Lebesgue measurable sets in R3 .
(iv)

For a Lebesgue measurable set B in R3 , we put
∫
ν(B) =
|ψ̂(p)|2 dp.
B
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Then we have
ν(A) = P ({ρ ∈ Ω; p(ρ) ∈ B}).
Thus ν(B) denotes the probability of the event “p(ρ) belongs to B”. Thereby
we have the probability space (R3 , N3 , ν). Here N3 denotes the family of all
Lebesgue measurable sets in R3 .
The reason why we deﬁne the Fourier transformation in such a form in
Law (II), (ii) is to meet with the necessity that the Schrödinger equation of
the system of hydrogen atoms should be derived by using variational principle
in section 3. The constants are chosen in order that the theoretical results
coincide with some observed data of the natural statistical phenomena.
Law III (Motion of physical system) The L2 -density ψ(r, t) determining the natural probability distribution law of the position variable r at
time t is determined by the time evolving Shrödinger equation. We call the
time evolution the motion of the system of hydrogen atoms. The law of motion
of the system of hydrogen atoms is described by the Schrödinger equation. We
call this Schrödinger equation the equation of motion of the system of hydrogen
atoms.
The Schrödinger equation is described in the following form :
i~

∂ψ
= Hψ.
∂t

We call the operator H a Schrödinger operator. H is a self-adjoint operator
on a certain Hilbert space. The concrete form of this operator is determined
afterward.
Here we consider that the position variable and the momentum variable and
the energy variable of electrons are continuous random variables deﬁned on the
probability space made by the system of hydrogen atoms. Then the L2 -density
determining the natural probability distribution law of the position variable is
determined as a solution of the Schrödinger equation.
As for the laws of natural statistical physics, we refer to Ito[16], Section 2.2
and Ito[25], Section 6.2.

3

Setting of mathematical models

Now we assume that the system of hydrogen atoms considered here is a
probability space Ω = (Ω , B, P ). Its elementary event ρ is an inner electron of
a hydrogen atom moving in the 3-dimensional space R3 .

5

Here the force acts on the electron in the hydrogen atom by the Coulomb
potential
e2
V (r) = − , r = ∥r∥.
r
Then the mechanical energy of each inner electron ρ of a hydrogen atom is
determined by the classical mechanics. Its value is
1
∥p(ρ)∥2 + V (r(ρ)).
2m
Here the mass of an electron is m = me and its charge is −e.
This energy variable is considered as a natural random variable on the
probability space Ω . This is a continuous random variable.
Then r = r(ρ) and p = p(ρ) have diﬀerent values for each inner electron ρ
of a hydrogen atom and, in general, its values are considered to be distributed
randomly. In such a sense, r = r(ρ) and p = p(ρ) are considered to be random
variables. Especially it is the mode of phenomena as the natural statistical
phenomena that these variables are the natural random variables on the system
of hydrogen atoms.
We assume that electrons in hydrogen atoms considered here are in the
bound state. Therefore, the Schrödinger operator determined afterward has
only the discrete spectrum.
Then, we consider that, by virtue of Law II in Section 2, the natural probability distribution law of r = r(ρ) is determined by the L2 -density ψ(r) and the
natural probability distribution law of p = p(ρ) is determined by its Fourier
transform ψ̂(p).
Then the expectation value E of the energy variable is given as the integral
using the probability measure P as follows :
[ 1
]
∥p(ρ)∥2 + V (r(ρ))
2m
[ 1
]
=E
∥p(ρ)∥2 +E[V (r(ρ))]
2m
∫ (
∫
)
1
2
2
=
∥p∥
|ψ̂(p)| dp + V (r)|ψ(r)|2 dr
2m
∫ { 2
}
~
=
∥∇r ψ(r)∥2 + V (r)|ψ(r)|2 dr.
2m

E=E

Here we use the Plancherel formula for the Fourier transformation. Also
the integral domain is the whole space. ∇ = ∇r denotes the gradient operator
with respect to r.
In this paper, we deﬁne the partial derivatives of an L2 -function ψ in the
sense of L2 -convergence.

6

Here we represent this energy expectation value by the relation
∫ { 2
}
~
J[ψ] =
∥∇r ψ(r)∥2 + V (r)|ψ(r)|2 dr
2m
We call this J[ψ] the energy functional.
As the solutions of the variational problem for this functional, we have the
L2 -densities ψ which are realized practically in the stationary states.
Here we consider the following variational principle and the variational problem.
Principle I (Variational principle)
The L2 -density ψ(r) which is
realized practically in the stationary state is a stationary function for the energy
functional J[ψ].
Thereby, among the admissible L2 -densities ψ(r) which determine the natural probability distribution laws of the position variables r = r(ρ) of the inner
electrons ρ, we choose the L2 -density ψ(r) realized practically in the stationary
state. These solutions determine the natural statistical phenomena observed
practically.
In order to determine the stationary function for Principle I, we consider
the following variational problem.
Problem I (Variational problem)
ψ of the energy functional J[ψ].

4

Determine the stationary functions

Solutions of variational problem and the derivation of the Schrödinger equation

In this section, we study the solutions of variational problem I in section 3
and thereby we derive the Schrödinger equation.
The Schrödinger operator H has the form
H=−

~2
e2
∆− .
2m
r

Here ∆ denotes the Laplacian with respect to r.
This is the case where this Schrödinger operator H has only the discrete
spectrum.
Now let the system of hydrogen atoms be Ω = (Ω , B, P ). Its elementary
event is one inner electron ρ of a hydrogen atom. We put its position variable
r = r(ρ) = t (x1 (ρ), x2 (ρ), x3 (ρ)), and its momentum variable p = p(ρ) =
t
(p1 (ρ), p2 (ρ), p3 (ρ)).
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We consider that the variable r moves in the space R3 , and the variable p
moves in the dual space R3 = R3 . Here we identify R3 and R3 .
Then, by virtue of law II in section 2, the L2 -density ψ(r) determines the
natural probability distribution law of the position variable r, and its Fourier
transform ψ̂(p) determines the natural probability distribution law of the momentum variable p.
Therefore the energy expectation value E of the total system of hydrogen
atoms is equal to
[ 1
e2 ]
E=E
p(ρ)2 −
2m
r(ρ)
∫
∫ 2
1 2
e
=
p |ψ̂(p)|2 dp −
|ψ(r)|2 dr
2m
r
∫ ( 2
)
~
e2
=
|∇ψ(r)|2 − |ψ(r)|2 dr.
2m
r
Here the integral domain is the whole space R3 , and ∇ = ∇r represents the
gradient operator.
Then, for the L2 -function ψ(r) on R3 , we represent the energy functional
J[ψ] as follows :
)
∫ ( 2
~
e2
2
J[ψ] =
|∇ψ(r)| − |ψ(r)|2 dr.
2m
r
The domain of J[ψ] is the Hilbert space of L2 -functions as follows :
{
}
∫
∫
1
2
2
2
D = ψ ∈ L ; |∇ψ(r)| dr < ∞,
|ψ(r)| dr < ∞ .
r
The norm ∥ψ∥ of D is deﬁned by the relation
∫ (
)
e2
∥ψ∥2 =
|ψ(r)|2 + |∇(ψ(r)|2 + |ψ(r)|2 dr.
r
Then J[ψ] is a continuous functional on D.
Here D = D(R3 ) is the space of all C ∞ -functions with compact support.
Then D is dense in D.
Then variational problem I in section 3 is ﬁxed as follows.
Problem I (Variational problem) Determine the stationary functions
ψ of the energy functional J[ψ] deﬁned on D under the condition
∫
K[ψ] = |ψ(r)|2 dr = 1.
Thus we ask the stationary function using Lagrange’s method of indeterminate coeﬃcient.
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E being an indeterminate coeﬃcient of Lagrange, we put
I[ψ] = J[ψ] − E(K[ψ] − 1).
Then the conditional stationary problem and the stationary value problem for
I[ψ] are equivalent.
Now we assume that we have a solution ψ of the conditional stationary
value problem in the above. Then this ψ is a solution of the stationary value
problem for I[ψ]. Then, ε being a suﬃciently small real parameter, we have
d
(I[ψ + εφ])|ε=0 = 0,
dε
d
(I[ψ + iεφ])|ε=0 = 0
dε
for every φ ∈ D. Hence we have

(4.1)
(4.2)

~2
(∇φ, ∇ψ) + (φ, V ψ) − (φ, Eψ) = 0
2m
by virtue of the equations (4.1), (4.2). Here (·, ·) denotes the inner product in
L2 .
Using the Plancherel formula twice in the ﬁrst term in this formula, we have
(

φ, −

)
~2
∆ψ + V ψ − Eψ = 0.
2m

Because this holds for every φ ∈ D, we have
−

~2
∆ψ + V ψ = Eψ.
2m

(4.3)

When there exists a solution ψ ∈ D of the eigenvalue problem (4.3) which
is not identically 0, E and ψ are called the eigenvalue and the eigenfunction
of the Schrödinger operator H respectively. Especially ψ is the eigenfunction
associated with the eigenvalue E.
This is the Euler’s diﬀerential equation for the conditional variational problem. We call this the Schrödinger equation.
This Schrödinger equation is the necessary condition in order that there
exist the solutions of variational problem I in the above. Further we can prove
the completeness of the system of solutions of this eigenvalue problem for the
system of hydrogen atoms.
Then we can determine the L2 -density for the total system of hydrogen
atoms completely by virtue of the eigenfunction expansion. Hence we can solve
the Schrödinger equation completely. Namely, in the Theorem 5.5 in section
5, we prove that the completeness of the system of solutions of the eigenvalue
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problem in the above is the suﬃcient condition in order to the existence of the
solutions of the variational problem I in the above.
In this sense, we can obtain the information of the physical states of the system of hydrogen atoms by virtue of solving the Schrödinger equation obtained
here.

5

Schrödinger equation and its solutions

The solutions of the eigenvalue problem for the Schrödinger equation of the
stationary states are given in the following theorem. This is the well known
facts.
Theorem 5.1
There exist the eigenvalues En , (n = 1, 2, 3, · · · ) of the
Schrödinger equation of the stationary states and the system {ψnlm (r)} of its
eigenfunctions associated with them. Namely we have the following equations :
(
)
~2
e2
−
∆−
ψnlm (r) = En ψnlm (r),
2me
r
(|m| ≤ l, l = 0, 1, 2, . . . , n − 1, n = 1, 2, 3, · · · ),
En = −

m e e4
, (n = 1, 2, 3, · · · ).
2~2 n2

This system of the eigenfunctions {ψnlm (r)} is given by the following theorem.
Theorem 5.2
The eigenfunctions in Theorem 5.1 are given by the following equalities :
ψnlm (r) = ψnlm (r, θ, ϕ) = Rnl (r)Ylm (θ, ϕ),
{( 2 )3 (n − l − 1)! }1/2
(2l+1)
Rnl (r) = −
es/2 sl Ln+l (s),
na0
2n[(n + l)!]3
√
(2l + 1) (l − |m|)! m
m
Yl (θ, ϕ) =
P (cos θ)eimϕ ,
4π (l + |m|)! l
(|m| ≤ l, l = 0, 1, 2, . . . , n − 1, n = 1, 2, 3, · · · ).
Here we put
a0 =

2
~2
, s=
r.
m e e2
na0

Further, the special functions appeared in the representation of ψnlm (r) are
(m)
as follows: Rnl (r) is the radial function, Ln (z) is the associated Laguerre
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polynomial, Ylm (θ, ϕ) is the spherical function, and Plm (x) is the associated
Legendre polynomial.
Theorem 5.3 (Normalized orthogonality condition)
of eigenfunctions {ψnlm (r)}, we have the following equality
∫
ψn′ l′ m′ (r)∗ ψnlm (r)dr = δnn′ δll′ δmm′ .

For the system

Here δnn′ denotes Kronecker’s symbol and (n, l, m) and (n′ , l′ , m′ ) are chosen
as in Theorem 5.1.
Theorem 5.4 (Completeness condition) Let H be the closed subspace
spanned by the system of eigenfunctions {ψnlm (r)} in L2 = L2 (R3 ). We use
the above notation. Then, for ψ(r) ∈ H, we have the following equality
∫
|ψ(r)|2 dr =

l
∞ n−1
∑
∑ ∑

|cnlm |2 ,

n=1 l=0 m=−l

∫
cnlm =

ψnlm (r)∗ ψ(r)dr.

Here (n, l, m) are chosen as in Theorem 5.1.
Therefore we have the following theorem of eigenfunction expansion.
Theorem 5.5 (Theorem of eigenfunction expansion) We consider
the system of eigenfunctions {ψnlm (r)} as in Theorem 5.1. Then, for a square
integrable function ψ(r) ∈ H, we have the following equality :
ψ(r) =

∞ n−1
l
∑
∑ ∑

cnlm ψnlm (r).

n=1 l=0 m=−l

Here the Fourier type coeﬃcients cnlm are given by the equalities :
∫
cnlm = ψnlm (r)∗ ψ(r)dr.
Here (n, l, m) are chosen as in Theorem 5.1.
Especially, if ψ(r) is an L2 -density, its Fourier type coeﬃcients {cnlm } satisfy the following condition :
∞ n−1
l
∑
∑ ∑

|cnlm |2 = 1.

n=1 l=0 m=−l
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Theorem 5.6
Let H be as in Theorem 5.4. Further, let J[ψ] be as in
Problem I, and {En }, {ψnlm } be as in Theorem 5.1. Now we deﬁne the closed
subspace Hn of H to be spanned by the system of eigenfunctions
{ψklm ; |m| ≤ l, l = 0, 1, 2, · · · , k − 1; k = n, n + 1, n + 2, · · · }.
Then we have the following :
min

ψ∈Hn , ∥ψ∥=1

J[ψ] = En , J[ψnlm ] = En ,

(|m| ≤ l, l = 0, 1, 2, · · · , n − 1; n = 1, 2, 3, · · · ),
E1 < E2 < · · · < En < · · · < 0, lim En = 0.
n→∞

Here the multiplicity of the eigenvalue En is equal to n2 , (n ≥ 1).
As for Theorem 5.6, we refer to Ito[26].
By virtue of this Theorem, we can see that the solutions {ψnlm }, {En }
of the eigenvalue problem in Theorem 5.1 are the complete solutions of the
variational problem for the energy functional J[ψ]. Namely this solutions give
the necessary and suﬃcient condition in order that the variational problem is
solved.
For the Schrödinger equation for the time evolution of the physical system
of the system of hydrogen atoms in the bound state, we have the following
theorem.
Theorem 5.7 Let H be as in Theorem 5.4. We assume that the initial
natural probability distribution law of the position variable of this system of
hydrogen atoms is given by the L2 -density ψ(r) ∈ H. Then the L2 -density
ψ(r, t) which determines the natural probability distribution law of the position
variable at time t is given by the solution of the initial value problem for the
time evolving Schrödinger equation
(
)
∂ψ(r, t)
~2
e2
i~
= −
∆−
ψ(r, t),
∂t
2me
r
ψ(r, 0) = ψ(r), (Initial Condition),
(r ∈ R3 , 0 < t < ∞).

Here, by using the Fourier type coeﬃcients {cnlm } of the eigenfunction
expansion of the initial condition ψ(r) in Theorem 5.5, the solution ψ(r, t) in
the above is given by the formula
ψ(r, t) =

∞ n−1
l
∑
∑ ∑
n=1 l=0 m=−l
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cnlm ψnlm (r, t).

Here we put

[
ψnlm (r, t) = ψnlm (r) exp

−i

En ]
t ,
~

where (n, l, m) are chosen as in Theorem 5.1.
Then we have ψ(r, t) ∈ H, (0 ≤ t < ∞).
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The Meaning of the spectra of hydrogen atoms

By virtue of the study until section 5, we see that the system Ω of hydrogen
atoms in the bound state has the following structure at time t. Namely, we
have the direct sum decomposition of Ω as follows :
Ω=

∞
∑

Ωn , (direct sum)

n=1

pn = P (Ωn ), (n = 1, 2, · · · ),
∞
∑

pn = 1.

n=1

Further each Ωn is decomposed into the direct sum as follows :
Ωn =

n−1
∑

l
∑

Ωnlm , (direct sum)

l=0 m=−l

P (Ωnlm ) = |cnlm |2 ,
pn =

n−1
∑

l
∑

|cnlm |2 , (n = 1, 2, · · · ),

l=0 m=−l
∞
∑
n=1

pn =

∞ n−1
l
∑
∑ ∑

|cnlm |2 = 1.

n=1 l=0 m=−l

Then we have the following formulas, for every A ∈ B
P (A) =

∞
∑

P (Ωn )PΩn (A)

n=1

=

∞ n−1
l
∑
∑ ∑
n=1 l=0 m=−l
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P (Ωnlm )PΩnlm (A).

(6.1)

Here PΩn (A) and PΩnlm (A) are the conditional probabilities.
Here, because we study the spectra of hydrogen atoms, we consider only the
principal index n. Therefore we consider the direct sum decomposition (6.1).
Then, we have the following, for any Lebesgue measurable sets A of R3 and
B of R3 ,
∫
PΩnlm ({ρ ∈ Ωnlm ; r(ρ) ∈ A}) =
|ψnlm (r)|2 dr,
∫

A

PΩnlm ({ρ ∈ Ωnlm ; p(ρ) ∈ B}) =

|ψ̂nlm (p)|2 dp.
B

Therefore the energy expectation value of the proper subsystem Ωnlm of
hydrogen atoms is equal to
[
]
e2
1
EΩnlm
p(ρ)2 −
= J[ψnlm ] = En ,
2m
r
(|m| ≤ l, l = 0, 1, · · · , n − 1; n = 1, 2, · · · ).
Then, by virtue of the relation of the total system of hydrogen atoms and the
proper subsystems of hydrogen atoms, the energy expectation value E of the
total system of hydrogen atoms is equal to
[
]
1
e2
2
E=E
p(ρ) −
2m
r
=

∞ n−1
l
∑
∑ ∑

[
P (Ωnlm )EΩnlm

n=1 l=0 m=−l

=

∞ n−1
l
∑
∑ ∑

|cnlm |2 En =

n=1 l=0 m=−l

∞
∑

1
e2
p(ρ)2 −
2m
r

]

En pn

n=0

∞
me e4 ∑ 1
pn .
=−
2~2 n=1 n2

The system of hydrogen atoms in the bound state is realized as the state
of mixture of the proper subsystems of hydrogen atoms at each time t. The
subsystem Ωn of hydrogen atoms with the energy expectation value En is the
state of mixture of the n2 proper subsystems Ωnlm of hydrogen atoms, (|m| ≤
l, l = 0, 1, · · · , n − 1).
The ratio of mixture of these subsystems Ωn is determined by the sequence
{pn }∞
n=1 .
Then, by virtue of the motion of the electrons in the hydrogen atoms according to Coulomb force, the L2 -densities ψnlm (r, t) and ψ(r, t) are varying
with time t. Then the values of {pn } are varying with time t together with it.
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Therefore each hydrogen atom composing the subsystem with the mean
energy En is varying its belonging to the proper subsystems together with time
t.
Thereby, when these hydrogen atoms move from the subsystem with the
mean energy En to the subsystem with the mean energy Em , the spectral line
corresponding to the diﬀerence of these mean energies
En − E m
is observed. This coincides well with the distribution of the spectrum observed
practically for the hydrogen atoms.
As the historical result, the spectrum of hydrogen atoms are known to be
as follows.
Here we remember the Bohr’s law established in 1913.
Bohr’s law
We use the above notation. Then, ν being the oscillation
number of observed light, we have the relation
hν = En − Em .
Here h denotes the Planck constant.
Then, from the consideration in the above, the value of ν is equal to
(
)
m e e4
1
1
ν=
− 2 .
4π~3 m2
n
Here me denotes the mass of the electron.
Here, in the case m = 2, this result coincides with the spectral line of the
visible light from the hydrogen atoms discovered by Balmer in 1885. This is
now called to be the Balmer sequence.
The spectral sequences known until now are the following.
Writing by virtue of the representation of Rydberg, these are the following.
(1)

Lyman sequence (discovered in 1906) :
(
)
1
1
ν = Rc
−
, (n = 2, 3, · · · ).
12
n2

(2)

Balmer sequence (discovered in 1885) :
(
)
1
1
− 2 , (n = 3, 4, · · · ).
ν = Rc
22
n

(3)

Paschen sequence (discovered in 1908) :
(
)
1
1
ν = Rc
− 2 , (n = 4, 5, · · · ).
32
n
15

(4)

Brackett sequence (discovered in 1922) :
(
)
1
1
ν = Rc
, (n = 5, 6, · · · ).
−
42
n2

(5)

Pfund sequence (discovered in 1924) :
(
)
1
1
ν = Rc
−
, (n = 6, 7, · · · ).
52
n2

Here R is said to be Rydberg’s constant and its value is given as follows :
R = 1.09737 × 105 cm−1 , (observed value),
Rch = 13.61eV, (dimension of energy).
By virtue of the condition in the above, R is equal to
R=

me e4
4πc~3

as the theoretically evaluated value. Here, the constant c denotes the velocity
of light.
By virtue of the consideration in the above, we can see that the theoretical
value and the observed value of R coincide well.
The Bohr’s law described in the above was demonstrated by the experiment
of Franck-Hertz in 1914. By taking account of the observed data of the experiment of Franck-Hertz, it is evident that the regularity such as Bohr’s law holds
for the mean values En of the energy.
Thus the spectral lines of the hydrogen atoms known until now are understood and explained naturally and rationally by virtue of the theory of the
natural statistical physics.

7

On the stability of the hydrogen atoms

Here we consider the problem of the stability of the hydrogen atoms.
As for the result of this section, we refer to Ito[20].
If one hydrogen atom is isolated, its electron is rotating around the nucleus
and has emitted its total energy as the electro-magnetic waves. Finally this
electron has falled onto the nucleus and stops its motion relatively. Therefore
the hydrogen atom does not keep its stable state.
Nevertheless the hydrogen atom existing in the nature keeps its stable state.
It is the great question why is it so. This can be understood as follows by using
the theory of the natural statistical physics.
16

In general, the physical state of a physical system moves toward the equilibrium state of the energy or the thermal equilibrium state. On the basis of this
fact, we show that we can understand and explain the phenomena of stability
of the hydrogen atoms completely.
If the hydrogen atoms exist collectively, the state of the system of hydrogen
atoms moves toward the thermal equilibrium state. Namely, if the energy of
one hydrogen atom becomes higher than the energy of the system around it,
it emits the energy and moves toward the equilibrium state with the system
around it. Further if the energy of one hydrogen atom becomes lower than
the energy of the physical system around it, it absorbs the energy and moves
toward the equilibrium state with the system around it.
This emission and absorption of the energy are observed as the spectrum of
emission and the spectrum of absorption of the hydrogen atoms. By virtue of
this mode of movement of the physical system, the hydrogen atoms keep their
stable states.
This is the solution of the problem of stability of the hydrogen atoms.
Thus each hydrogen atom always gives and takes the heat by virtue of the
mutual interaction with the surrounding hygrogen atoms and others. It is considered that the Schrödinger equation gives the state of the natural statistical
distribution in such a equilibrium state. The equilibrium state does not mean
that there is no interaction with the surrounding matter, but it means that the
thermal equilibrium is kept under the interaction with the surrounding matter. The state of the natural statistical distribution given by the Schrödinger
equation concerns only with understanding the natural statistical phenomena
of the physical state under the thermal equilibrium states insistently without
entering the analysis of the mutual interaction. The Schrödinger equation is
the approximating model in such a sense.
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